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Abstract
As true as it is that a bricklayer needs a plumb line and a T-square,
so it is that a physicist using general relativity needs how to draw
geodesics and use fields of congruent vector frames of reference. While
the first part of the preceding statement depends on the Christoffel
connection and related metric and curvature concepts, the second part
depends on the Weitzenbo¨ck connection and the concept of torsion.
This dual structure has been considered before as a possibility of using
either one of them to describe General relativity. We claim here that
both structures have to be correlated to produce useful interpretations
of any space-time model.
Introduction
Weitzenbo¨ck is known for disliking Frenchmen in general and E. Cartan in
particular 1 but he is also known for his achievements as a mathematician. In
fact both men have contributed to improve our understanding of the geomet-
rical formalism of General relativity. While Cartan generalized Riemannian
geometry considering it as a particular case of a geometry with a linear con-
nection, Weitzenbo¨ck introduced a new connection in the formalism which is
only indirectly related to space-time intervals and emphasizes the importance
of the concept of torsion instead of the concept of curvature.
While the usefulness of the curvature tensor is rather well-understood in
physics, the meaning and the usefulness of the torsion tensor is less clear.
A frequent point of view assumes that torsion is a manifestation of the spin
1Read about a Weitzenbo¨c’s acrostic in Sect. 13 of [1]
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of the particles making up the sources of the gravitational field. From this
point of view if there is no spin we can altogether forget about torsion.
Another point of view presented in [3] and [4] suggests that while the for-
malisms based on the Christoffel connection or the Weitzenbo¨ck connection
are strictly equivalent from a mathematical point of view they are inequiva-
lent from a physical point of view because only the latter can be understood
as the formalism of a gauge theory, and while the concept of force does not
exist when using the first formalism the second one reestablishes it. Still more
recently it has been claimed in [1] and [2] that gravitation is not curvature
but torsion.
In this paper we do not try to decide who was first or who is more palat-
able: the hen or the egg? and claim that there exists something like a
hen-egg concept. This meaning that the two connections, Christoffel’s and
Weitzenbo¨ck’s, do not have to be considered as options of an alternative, but
that in the contrary they have to be correlated and used jointly. There is no
new physics in this process but doing it appropriately we hope to improve
our knowledge of General relativity.
The first and second sections are mainly a remainder of known definitions
and general results. In the third section we define Special Weitzenbo¨ck con-
nections for which the contortion and the torsion tensors are equal, and we
introduce also the concept of Restricted covariance. In the fourth section we
introduce the generalization of a tensor that we introduced in a preceding
paper [5] in the framework of the linear approximation where it proved to
have some relevance in defining the energy-momentum of gravitational fields.
The fifth section is an application of the general results reminded or derived
in the preceding ones to the theory of the linear approximation in General
relativity. This provides our paper [5] with a well-founded mathematical
formalism.
The epilogue deals with Weitzenbo¨ck-like connections defined on 3-di-
mensional quotient manifolds and contains a proposal to generalize the con-
cept of rigid motions defined by Born.
1 Generalities about Linear connections
General Cartan connections 2
Let Vn be a differential manifold of dimension n and let Dn and D
′
n be
two intersecting domains of Vn, with local coordinates x
α and xα
′
, with greek
2Essentially drawn from Chap. IV of [6]
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indices running from 1 to n. A Linear connection on Vn is a field of 1-forms
of type (1,1):
ωαβ (x) = Γ
α
βγ(x)dx
γ (1)
such that at any point of the intersection of any two domains one has:
ωα
′
β′ (x
′) = Aα
′
ρ (x(x
′))ωρσ(x(x
′))Aσβ′(x
′) + Aα
′
ρ (x(x
′))dAρβ′(x
′) (2)
with:
Aα
′
ρ (x(x
′)) =
∂xα
′
∂xρ
(x(x′)), Aσβ′(x
′) =
∂xσ
∂xβ
′
(x′) (3)
where:
xρ
′
= xρ
′
(x), xσ = xσ(x′) (4)
define the coordinate transformation.
The covariant derivatives of a function f and a covariant vector vector
field vα are by definition:
∇βf = ∂βf, ∇βvα = ∂βvα − Γραβvρ (5)
from where, using Leibniz rule to calculate derivatives of tensor products,
follows the general formula to define the covariant derivative of any tensor.
The Curvature of the linear connection ωαβ is the 2-form of type(1,1):
Ωαβ =
1
2
Rαβγδdx
γ ∧ dxδ (6)
where:
Rαβγδ = ∂γΓ
α
βδ − ∂δΓαβγ + ΓαργΓρβδ − ΓαρδΓρβγ (7)
and the Torsion is the vector-valued 2-form:
Σα =
1
2
T αβγdx
β ∧ dxγ (8)
where:
T αβγ = −(Γαβγ − Γαγβ) (9)
From these definitions and from the fact that d2 = 0, d being the exterior
differentiation operator, there follow the following identities:
∇[ǫRαβ|γδ] = Rαβρ[ǫT ργδ] (10)
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where [.||..] is here the three indices complete anti-symmetrization operator.
And:
∇[αT ρβγ] + T ρσ[αT σβγ] = Rρ[αβγ] (11)
The last general definition that we shall need to mention is that of an auto-
parallel, which is any parameterized curve xα(λ) solution of the differential
equations:
d2xα
dλ2
+ Γαβγ
dxβ
dλ
dxγ
dλ
= a
dxα
dλ
(12)
where the function a in the r-h-s depends on the parameter λ. If it is zero
the parameter is said to be an affine parameter.
Weitzenbo¨ck connections 3
With latin indices running also from 1 to n, let θaα be n linearly indepen-
dent 1-forms, θβb being its duals contravariant vector fields:
θaαθ
α
b = δ
a
b ⇔ θaβθαa = δαβ (13)
A Weitzenbo¨ck connection Γ˜λβγ associated with with θ
a
α is defined as the
connection that leads to the covariant derivative with symbol ∇˜:
∇˜αθaβ = ∂αθaβ − Γ˜ρβαθaρ = 0 (14)
and therefore we have :
Γ˜λβγ = θ
λ
a∂γθ
a
β (15)
The most significant property of Weitzenbo¨ck connections is that their
curvature tensor is zero:
R˜αβγδ = ∂γΓ˜
α
βδ − ∂δΓ˜αβγ + Γ˜αργΓ˜ρβδ − Γ˜αρδΓ˜ρβγ = 0 (16)
On the other hand its torsion is:
T λβγ = −(Γ˜λβγ − Γ˜λγβ) = θλa(∂βθaγ − ∂γθaβ) (17)
And taking into account (16) the identities (11) become:
∇˜[αT ρβγ] + T ρσ[αT σβγ] = 0 (18)
3Mainly drawn from [3] and [4]
4
The auto-parallels, referred to an affine parameter, are now the solutions
of:
d2xα
dλ2
+ Γ˜αβγ
dxβ
dλ
dxγ
dλ
= 0 (19)
and should be better called loxodromies.
Christoffel connections
Let gαβ(x) be a Riemannian metric of any signature defined on Vn. The
Christoffel connection associated with this metric is by definition that con-
nection which has the following two properties:
∇γgαβ = 0, T¯ ραβ = Γρβα − Γραβ = 0 (20)
This leads to an unique symmetric connection with symbols:
Γλβγ = Γβγαg
λα (21)
with:
Γβγα =
1
2
(∂βgγα + ∂γgβα − ∂αgβγ) (22)
The Riemann tensor is the curvature tensor defined in (7) with the corre-
sponding general connection being substituted by the Christoffel connection
above. If it is zero then the metric gαβ can be reduced by a coordinate
transformation to a matrix of constants ηαβ .
With the same substitution we obtain the auto-parallels of a Christoffel
connection that are better called geodesics of the metric:
d2xα
dτ 2
+ Γαµν
dxµ
dτ
dxν
dτ
= 0 (23)
In this case affine parameters are proportional to the proper length of the
curve when this length is not zero.
2 Connecting connections
Let us consider any non singular diagonal matrix whose elements ηab are 1
or −1, the corresponding quadratic form having arbitrary signature.
To such matrix and any field of n 1-forms θaα, as we considered before, it
can be associated a Riemannian metric:
5
gαβ = ηabθ
a
αθ
b
β . (24)
that has the same signature as ηab. When referring to this formula we shall
say that θaα is an orthonormal decomposition of gαβ and, the other way
around, we shall say gαβ is the metric derived from θ
a
α. Equivalent orthonor-
mal decompositions are related by point dependent frame transformations:
θ′
a
α(x) = R
a
b (x)θ
b
α(x), (25)
such that:
Rac (x)R
b
d(x)ηab = ηcd, (26)
Let us consider the two connections: the Weitzenbo¨ck connection Γ˜αβγ
associated with θbα(x) and the Christoffel connection Γ
α
βγ associated to the
Riemannian metric defined in (24). We have:
∇γgαβ = 0, ∇˜γgαβ = 0 (27)
The first comes from the definition (20) and using (24) a short calculation
proves the second. They share also a second property, namely:
∇ρηα1···αn = 0, ∇˜ρηα1···αn = 0 (28)
where ηα1···αn is the volume element associated with the Riemannian metric
(24)
Instrumental in connecting, so to speak, the two connections is the defi-
nition of the so-called Contortion, that is the tensor:
Kλβγ = Γ˜
λ
βγ − Γλβγ (29)
Subtracting the two equations (27) we obtain:
∇γgαβ − ∇˜γgαβ = Kραγgρβ +Kρβγgρα = 0 (30)
and therefore defining:
Kαβγ = K
ρ
βγgρα, (31)
we have:
Kαβγ = −Kβαγ (32)
i.e.: the fully covariant contortion is skew-symmetric with respect to the first
pair of indices.
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Defining similarly:
Tβγα = T
ρ
βγgρα, (33)
from Eqs. (20), (17) and (29) we obtain:
Kαβγ −Kαγβ = −Tβγα (34)
from where it follows, using the Christoffel (+,+,−) algorithm:
Kαβγ =
1
2
(Tαβγ − Tβγα − Tγαβ) (35)
Using (16), (7), (29) and formulas like:
∇˜ρKαβγ = ∂ρKαβγ + Γ˜ασρKσβγ − Γ˜σβρKασγ − Γ˜σγρKαβσ (36)
a short calculation proves that:
Rαβγδ = −∇˜γKαβδ + ∇˜δKαβγ −KρβγKαρδ +KρβδKαργ − T ργδKαβρ (37)
and then:
Rβδ = −∇˜αKαβδ + ∇˜δKβ −KρβσKσρδ +KρβδKρ − T ρσδKσβρ (38)
and:
R = 2∇˜αKα −KρKρ − (KρµσKσρν + T ρσνKσµρ)gµν (39)
where Rαβ is the Ricci tensor of the Riemannian metric; R is the curvature
scalar and where we have defined:
Kβ = K
α
βα, K
α = −Kαβγgβγ (40)
Moreover contracting the indices γ and α in (37) and using (38) and (39)
we obtain the final formula that we shall use later on:
∇˜αHαβδ = Yβδ − Sβδ (41)
where:
Hαβδ = K
α
βδ − δαδKβ + gβδKα, (42)
Sβδ being the Einstein tensor, and Yβδ is a shorthand for:
Yβδ = −KσβρKρδσ +KρβδKρ +
1
2
gβδ(K
ρKρ +K
ρ
νσK
σ
µρg
µν) (43)
To get this simplified formula we used (34).
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Possibly interesting is also the fact that using (29) the geodesic equations
(23) of the Riemannian metric (24) can be written, using an affine parameter:
d2xα
dτ 2
+ Γ˜αµν
dxµ
dτ
dxν
dτ
= Kαµν
dxµ
dτ
dxν
dτ
(44)
and the auto-parallels equations (12) of the Weitzenbo¨ck connection (15) can
be written:
d2xα
dλ2
+ Γαµν
dxµ
dλ
dxν
dλ
= −Kαµν
dxµ
dλ
dxν
dλ
(45)
3 Special Weitzenbo¨ck connections
We shall say that the Weitzenbo¨ck connection is Special if:
ηabθ
a ∧ dθb = 0 (46)
that includes the integrable case:
θa ∧ dθa = 0, a = 1 · · ·n (47)
From:
Tαβγ = gγρθ
ρ
a(∂αθ
a
β − ∂βθaα) (48)
which is equivalent to:
1
2
Tαβγdx
α ∧ dxβ = gγρθρadθa = ηbcθbγdθc (49)
it follows that:
1
2
Tαβγdx
α ∧ dxβ ∧ dxγ = ηbcdθb ∧ θc (50)
and therefore (46) is equivalent to:
T[αβγ] = 0 (51)
which is also equivalent to:
Tαβγ = Kαβγ (52)
Either (51) or (52) are handy characterizations of Special Weitzenbo¨ck con-
nections.
From (52) we have:
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gγρ(Γ˜
ρ
βα − Γ˜ραβ) = gαρ(Γ˜ρβγ − Γρβγ) (53)
from where, clearing the Christoffel connection symbols, we obtain:
Γσβγ = Γ˜
σ
βγ + gγρg
ασ(Γ˜ραβ − Γ˜ρβα) (54)
or:
Γβγα = Γ˜βγα + Γ˜αβγ − Γ˜βαγ (55)
that can be considered also as a characterization of Special Weitzenbo¨ck
connections.
The formula (54) can not be inverted in general. To do it we need to
demand a further restriction to the Weitzenbo¨ck connection. We shall say
that the latter is Doubly special with Restricted covariance if systems of
coordinates exist such that:
Γ˜αβγ = g
ραgσβΓ˜
σ
ργ (56)
or:
Γ˜αγβ = Γ˜βγα (57)
Neither of these two equations are tensor equations. This is so because the
l-h-s of (56) is a connection but the r-h-s is not. If either of these equations
is true in a given system of coordinates there will remain true only under
the restricted group of coordinate transformations defined by the following
conditions.
gρµ
(
Aλ
′
ρ ∂γA
ν′
µ − Aν
′
ρ ∂γA
λ′
µ
)
= 0 (58)
Exchanging the indices α and β in (55) and adding we get:
Γβγα + Γαγβ = Γ˜βγα + Γ˜αγβ (59)
This equation combined with (57) yields:
Γ˜αβγ =
1
2
(Γαβγ + gρβg
σαΓρσγ) (60)
or, expanding the r-h-s:
Γ˜βγα =
1
2
∂γgαβ (61)
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If the orthonormal decomposition of a metric leads to an integrable Weit-
zenbo¨ck connection then there exists systems of coordinates such that:
θaα = χα(x
ρ)δaα, gαβ = χ
2
αηαβ (62)
and a simple straightforward calculation proves that (57) are verified and
therefore this connection is doubly special with restricted covariance.
4 Introduction of a second rank tensor
At this point we assume that n = 4. Let us consider the dual tensors:
∗T αρµ = 1
2
ηαργδgµνTγδν , ∗Hαρµ = 1
2
ηαργδH
γδνgµν (63)
Using (27) (28), from (18) and (41) we get:
∇˜α∗Tαρµ = 1
2
ηραγδT
µ
σ[αT
σ
γδ], ∇˜[α∗Hβρ]µ =
1
3
ηαβρσ(Y
σ
µ − Sσµ) (64)
We introduce the second rank tensor of type (1,1):
Uαβ = H
αρµTβρµ + ∗T αρµ∗Hβρµ (65)
The following two formulas follow from the preceding formulas (18), (41)
and (64):
∇˜α(HαρµTβρµ) = Tβρµ(Y ρν − Sρν)gµν +
1
2
Hαρµ(∇˜βTαρµ − 3T νσ[αT σβρ]gµν) (66)
∇˜α(∗Tαρµ∗Hβρµ) = 1
2
ηραγδT
µ
σ[αT
σ
γδ]∗Hβρµ+
1
2
∗T αρµ(∇β∗Hαρµ+ηαβρσ(Y σµ−Sσµ))
(67)
And assuming now also that (52) is satisfied, i.e. that the Weitzenbo¨ck
connection is Special, the tensor (42) can be written as:
Hαβδ = Tαβδ − gαδTβ + gβδTα, Tβ = −T ρβρ (68)
we have also:
Hαρµ∇˜βTαρµ − T αρµ∇˜βHαρµ = 0 (69)
After some more elementary algebra we obtain:
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∇˜αUαβ = 3HσρµT να[σT αβρ]gµν + 2Tβσµ(Y σν − Sσν )gµν (70)
It is noteworthy that if Einstein’s vacuum field equation are satisfied:
Sαβ = 0 (71)
then the divergence of the tensor Uαβ is cubic in the torsion while the tensor
itself is quadratic. The next section reviews the preceding ones in the frame-
work of a linear approximation of General relativity that we considered in
[5]. It is in this simplified context that the relevance of the preceding tensor
as a candidate to define some sort of energy-momentum is more explicit.
5 The linear approximation
In this section we assume that θaα and θ
β
b can be written as:
θaα = δ
a
α +
1
2
faα, θ
β
b = δ
α
b +
1
2
f¯
β
b (72)
with:
f¯βa δ
a
α + δ
β
a f
a
α = 0 (73)
faα being four small quantities of, say, order ǫ. Only the leading terms beyond
the zero-order one will be kept in our calculations.
Consistently we shall consider only those coordinate transformations that
are tangent to the identity transformation:
xρ = xρ
′
+ Sρ
′
(x′), xρ
′
= xρ − Sρ(x) (74)
Sρ(x) being small quantities of order ǫ, so that we shall have:
faα′(x
′) = faα(x) + δ
a
β∂αS
β(x) (75)
Again we shall consider only those frame transformations that are tangent
to the identity transformation:
f ′
a
α(x) = f
a
α(x) + δ
b
αΩ
a
b (x), (76)
Ωab being small quantities of order ǫ such that:
ηcbΩ
c
a + ηacΩ
c
b = 0 (77)
The Riemannian metric defined in (24) is now:
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gαβ = ηαβ + hαβ , hαβ = ηabδ
a
(αf
b
β), (78)
and under a coordinate transformation we have:
hα′β′ = hαβ + ∂(αSβ) (79)
The Christoffel connection symbols are:
Γβγρ =
1
2
(∂βhγρ + ∂γhβρ − ∂ρhβγ) (80)
Γλβγ = Γβγρη
λρ (81)
and the Riemannian curvature is:
Rαβγδ = ∂γΓ
α
βδ − ∂δΓαβγ (82)
The Weitzenbo¨ck connection is:
Γ˜λβγ =
1
2
δλa∂γf
a
β , Γ˜βγρ =
1
2
∂γf
a
βηaρ (83)
or:
Γ˜βγρ =
1
2
∂γfρβ , fρβ = ηaρf
a
β (84)
It is convenient to use the symbol fρβ but we have to keep in mind that this
is not a second rank tensor. In fact under a coordinate transformation we
have:
fα′β′(x
′) = fαβ(x) + ∂βSα(x) (85)
and under a frame transformation:
f ′α′β′(x) = fαβ(x) + Ωαβ(x), Ωαβ + Ωβα = 0 (86)
The torsion of the Weitzenbo¨ck connection is:
T λβγ = −
1
2
δλa (∂γf
a
β − ∂βfaγ ) (87)
and the torsion identities are now:
∂[αT
ρ
βγ] = 0 (88)
Using the general definition (29) and the preceding relevant approxima-
tions we end up with this approximation of the contortion tensor:
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Kαβγ =
1
2
ηab(δ
a
[α|∂γf
b
|β] + δ
a
[α∂β]f
b
γ) + ∂[αf
a
β]δ
b
γ) (89)
Finally we list below the corresponding approximations of the general
formulas derived in the preceding sections. They are the following:
Rαβγδ = −∂γKαβδ + ∂δKαβγ (90)
Kβ = K
σ
βσ, K
α = −ηρσKαρσ (91)
Rβδ = −∂αKαβδ + ∂δKβ (92)
R = 2∂αK
α (93)
Sβδ = −∂αHαβδ (94)
where:
Hαβδ = K
α
βδ − δαδKβ + ηβδKα (95)
and:
∇˜αUαβ = −2TβσµSσν gµν (96)
We prove now the main new result of this section. Namely, that there al-
ways exist, at the present approximation, Covariantly restricted Weitzenbo¨ck
connections.
Let us write:
T[λµν] = −1
6
δ
αβγ
λµν ∂γfαβ (97)
Generically this scalar will be different of zero, this meaning that the corre-
sponding Weitzenbo¨ck connection is not Special, but under a frame transfor-
mation we shall have:
T ′[λµν] = −1
6
δ
αβγ
λµν ∂γ(f[αβ] + Ωαβ) (98)
Therefore choosing:
Ωαβ = −f[αβ] (99)
we select a Special Weitzenbo¨ck connection. Moreover this choice leads to:
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Γ˜′αγβ − Γ˜′βγα = 0 (100)
and therefore the connection is a covariantly restricted one. The restriction
here comes from the fact that Eq. (99) is not a tensor equation under the gen-
eral coordinate transformations that we considered in (74). The covariance
in this case is restricted to those transformations for which Sα is a gradient:
∂αSβ − ∂βSα = 0 (101)
and this is the basic assumption that we made in our paper [5] to which the
present one provides,we believe, a satisfactory geometrical justification.
Epilogue
A bricklayer does not need a time-keeper as much as he needs a plumb line
and a T-square, therefore we shall end this paper with some notes about the
space geometry of space-time models.
Let us consider a time-like vector ξα and let C be the congruence that
it defines, V3 being the corresponding quotient manifold. Using a system of
adapted coordinates we have:
ξi = 0, i, j, k = 1, 2, 3 (102)
The line-element is then:
ds2 = −(−ξdx0 + ξidxi)2 + dsˆ2, ξ =
√−g00, ξi = ξ−1g0i (103)
and:
dsˆ2 = gˆijdx
idxj , gˆij = gij + ξiξj (104)
Adapted coordinate transformations are those that leave invariant (102).
They are of the following form:
x0
′
= x0
′
(x), xi
′
= xi
′
(y) (105)
where y is a shorthand notation for xi.
Quo-tensors are those objects, well-defined on V3, that transform with an
obvious rule generalizing the following one:
gˆi′j′(x
′) =
∂xk
∂xi
′
(y′)
∂xl
∂xj
′
(y′)gˆkl(x(x
′)) (106)
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Two other important quo-tensors are the Newtonian-like field strength:
Ei = −(∂i ln ξ + ∂ˆ0ξi) (107)
and the Coriolis rotation field:
Bij = ∂ˆ[iξj] − ξ[j∂i] ln ξ (108)
where ∂ˆα are the symbols of the quo-differentiation operators:
∂ˆ0 = ξ
−1∂0, ∂ˆi = ∂i + ξi∂ˆ0 (109)
that are such that:
∂ˆ0′ = ∂ˆ0, ∂ˆi′ =
∂xk
∂xi
′
(y′)∂ˆk (110)
It is also possible to consider quo-connections in this formalism. These
are objects whose symbols transform as follows:
Γˆp
′
i′j′(x
′) =
∂xk
∂xi
′
(y′)
∂xl
∂xj
′
(y′)
∂xp
′
∂xq
(y′)Γˆqkl(x
′) +
∂xp
′
∂xq
(y(y′))
∂2xq
∂xi
′
∂xj
′
(y′) (111)
under adapted coordinate transformations. Z’elmanov and Cattaneo intro-
duced a Christoffel-like quo-connection whose symbols are those derived from
the Christoffel symbols corresponding to the quotient metric (104) with the
substitution:
∂i → ∂ˆi (112)
so that:
Γˆijk = gˆ
is(∂ˆj gˆks + ∂ˆkgˆjs − ∂ˆsgˆjk) (113)
Similarly, we can consider a Weitzenbo¨ck-like quo-connection with sym-
bols:
Γ¯ijk = θ
i
a∂ˆkθ
a
j , a, b, .. = 1, 2, 3 (114)
where θai are such that:
gˆij = δabθ
a
i θ
b
j (115)
Defining now:
dˆθa =
1
2
(∂ˆiθ
a
j − ∂ˆjθai )dxi ∧ dxj (116)
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and using obvious definitions of torsion T¯ ijk and contortion K¯
i
jk, the space-
time definitions that we used before may be used now when dealing with
the geometry of the quotient space V3. We may thus say: (i) that the quo-
connection (114) is Special if:
δabθ
a ∧ dˆθb = 0; (117)
or equivalently if:
T¯[ijk] = 0⇔ T¯ijk = Kijk (118)
(ii) that it is integrable if:
θa ∧ dˆθa = 0, a = 1, 2, 3 (119)
or (iii) that it is covariantly restricted if:
Γ¯ijk =
1
2
(Γˆijk + gˆ
isgˆrjΓˆ
r
sk) (120)
There are two simple space geometries to consider: (i) that derived from
an integrable congruence C:
Bij = 0 (121)
and (ii) that derived from a rigid congruence in the sense of Born:
∂0gˆij = 0 (122)
In the first case there exist coordinates such that:
ξi = 0 (123)
In the second case there exist orthonormal decompositions of gˆij such that:
∂0θ
a
i = 0 (124)
and in both cases we have:
∂ˆjθ
a
i = ∂jθ
a
i (125)
More important. From Riemann’s theorem about the diagonalization of
three dimensional metrics we know that each of them can be derived from
an orthogonal decomposition for which Eqs. (119) are satisfied. Such is in
particular the case when C is a Born congruence. It appears then natural to
generalize Born’s definition of rigid motions requiring only the existence of
orthonormal decompositions of the quotient metric such that Eqs. (119) are
satisfied. This definition is very similar and includes that of [7].
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